We use the Hartree-Fock (HF) approximation with the charge-density-wave (CDW) instability to study the effect of correlated hopping on the stability of electronic ferroelectricity in the extended Falicov-Kimball model ( 
Introduction
In the recent years the Falicov-Kimball model (FKM) [1] has been extensively studied in connection with the exciting idea of electronic ferroelectricity [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] that is also directly related to the problem of an excitonic insulator [12] [13] [14] [15] [16] [17] [18] . It is generally supposed that ferroelectricity in mixed-valent compounds is of purely electronic origin, i.e., it results from an electronic phase transition, in contrast to the conventional displacive ferroelectricity due to a lattice distortion. Since the FKM is probably the simplest model of electronic phase transitions in rare-earth and transition-metal compounds it was natural to test the idea of electronic ferroelectricity just on this model.
The FKM is based on the coexistence of two different types of electronic states in a given material: localized, highly correlated ionic-like states and extended, uncorrelated, Bloch-like states. It is accepted that insulator-metal transitions result from a change in the occupation numbers of these electronic states, which remain themselves basically unchanged by their character. Taking into account only the intraatomic Coulomb interaction between the two types of states, the Hamiltonian of the spinless FKM can be written as the sum of three terms: The first attempt to describe the electronic ferroelectricity within the FKM was made by Portengen et al. [2, 3] . They studied the FKM with a k-dependent hybridization in Hartree-Fock (HF) approximation and found, in particular, that the Coulomb interaction U between the itinerant d -electrons and the localized f -electrons gives rise to a non-vanishing excitonic 〈d + f 〉-expectation value even in the limit of vanishing hybridization V → 0. As an applied (optical) electrical field provides for excitations between d -and f -states and thus for an excitonic expectation value P d f = 〈d + i f i 〉, the finding of a spontaneous P d f (without hybridization or electric field) has been interpreted as the evidence for electronic ferroelectricity. However, analytical calculations within well controlled approximation (for U small) performed by Czycholl [4] in infinite dimensions do not confirm the existence of electronic ferroelectricity. The same conclusion has been also obtained independently [5, 6] by small-cluster exact-diagonalization and density-matrix renormalization group calculations in the one dimension for both small (U < 1) and intermediate interactions (U ∼ 5).
Hybridization between the itinerant d and localized f states, however, is not the only way to develop d -f coherence. Recent theoretical works by Batista et al. [8, 9] showed that the ground state with a spontaneous electric polarization can also be induced by the nearest-neighbor f -electron hop- Later on this model was extensively used to describe different phases in the ground state and particularly the properties of the excitonic phase [12] [13] [14] [15] [16] [17] [18] [19] . It was found that the ground state phase diagram exhibits a very simple structure consisting of only four phases, and namely, the full d and f band insulator (BI), the excitonic insulator (EI), the charge-density-wave (CDW) and the staggered orbital order (SOO). The EI is characterized by a nonvanishing 〈d + f 〉 average. The CDW is described by a periodic modulation in the total electron density of both f and d electrons, and the SOO is characterized by a periodic modulation in the difference between the f and d electron densities.
In our recent paper [10] , the HF approach with the CDW instability was used to study the ground-state properties of the extended FKM with f -f hopping in two and three dimensions. It was found that the HF solutions with the CDW instability perfectly reproduce the two-dimensional intermediate coupling phase diagram of the model calculated by constrained path Monte Carlo (CPMC) method [9] , including phase boundaries of ferroelectric state. On the other hand, it should be noted that the model discussed above neglects all nonlocal interaction terms, and thus it is questionable whether the above mentioned results also persist in more realistic situations when nonlocal interactions are turned on. An important nonlocal interaction term obviously absent in the conventional FKM is the term of correlated hopping,
in which the d -electron hopping amplitudes between the neighboring lattice sites i and j explicitly depend on the occupancy ( f + i f i ) of the f -electron orbitals. The importance of the correlated hopping term has been already mentioned by Hubbard [20] . Later Hirsch [21] pointed out that this term may be relevant in explaning the superconducting properties of strongly correlated electrons. Here, we examine the effects of this term on the stability of the EI phase in the two-dimensional extended FKM. With the exception of small deviations, the method used bellow is the same as the one described in our previous paper [10] and, therefore, we summarize here only its main steps.
The method
The Hamiltonian of the extended FKM with correlated hopping has the form
In accordance with our previous paper [10] , we go here beyond the usual HF approach [22] in which only homogeneous solutions are postulated and also consider inhomogeneous solutions modelled by a periodic modulation of the order parameters:
Here, δ d and δ f are the order parameters of the CDW state for the d -and f -electrons, ∆ is the excitonic average and Q = (π, π) is the nesting vector for D = 2.
Using these expressions, the HF Hamiltonian of the extended FKM with correlated hopping can be written as
where the simple decoupling of the form (6) has been used for the correlated hopping term. Thus, one can see that within this decoupling scheme, the effect of the correlated hopping is fully transformed to the renormalization of the static single electron
Next, we shall show that this relatively small change has dramatical effects on the existence of the EI phase in the extended FKM. This Hamiltonian can be diagonalized by the following canonical transformation [10, 23] 
where
T are solutions of the associated Bogoliubov-de Gennes (BdG) eigenequations:
with
and the corresponding energy dispersions (10) 
Here, the prime denotes summation over half the Brillouin zone and f (E )
Fermi distribution function.
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Results and discussion
To examine the effects of correlated hopping on the ground-state phase diagram of the extended FKM (in the E f -t f plane), and particularly on the stability of the electronic ferroelectricity, we use the zero temperature variant of the method described above. The HF equations are solved self-consistently for each pair of (E f , t f ) values for several selected values of t d . We use an exact diagonalization method to solve the Bogoliubov-de Gennes equation. We start with an initial set of the order parameters. By solving equation (8), the new order parameters are computed via equations (11) to (13) and are substituted back into equation (8) . The iteration is repeated until a desired accuracy is achieved. It should be noted that the stability of different HF solutions has been also checked numerically by calculating the total energy and it was found that all phases presented in the ground-state phase diagram represent the most stable HF solutions. 
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average f -electron occupancy n f is plotted as a function of the f -level energy E f . In this case, the valence transitions change discontinuously from n f = 1 to n f = 0.5 and the system exhibits a direct transition from the BI phase to the CDW phase. At the same time, this result stresses the fact what a crucial role is played by the term of correlated hopping in the mechanism of valence transitions, and that already very small values of the correlated hopping parameter are capable of changing the type of valence transitions from continuous to discontinuous. For this reason, the term of correlated hopping should be surely taken into account in the correct description of valence transitions in rare-earth compounds.
In accordance with the case t d = 0, we have found two different excitonic phases for t d < 0. The first one is homogeneous (∆ > 0, ∆ P = 0) and the second one is inhomogeneous ( ∆ > 0, ∆ P 0). Analysing the numerical data obtained for δ d , δ f and ∆ P (see figure 2) , one can see that the appearance of an inhomogeneous phase is tightly connected with the formation of the CDW ordering in f and d electron subsystems since in the corresponding regions where ∆ P 0, the order parameter δ d (δ f ) changes continuously from 0 to its maximal (minimal) value. With increasing |t d |, the stability region of the inhomogeneous phase strongly reduces and at t d ∼ −0.3 this phase practically disappears. Going with t d to smaller values we have observed a completely different behavior of the model in the limit of E f < 0 (see figure 3) . For all the examined values of t d , we have found that ∆ = 0 and ∆ P > 0, which means that the ground state of the model is antiferroelectric in this limit. Very interesting is also the behavior of n f as a function of E f . As is shown in figure 4 , the mixed-valent phase is again stabilized in the region n f > 1/2 and the magnitude of the discontinuous valence transition from n f > 0.5 to n f = 1/2 gradually decreases with decreasing t d and a similar behaviour also exhibits the width of the n f = 1/2 phase. At a first glance, this result seems to be in contradiction with the rules favour the formation of the electronically driven ferroelectric state postulated by Batista et al. [9] . The system is in a mixed-valence The situation in the opposite limit t d > 0 is depicted in figure 5 . Again one can recognize two different regimes in the behaviour of n f , ∆ and ∆ p . For positive E f , only weak effects of correlated hopping on n f , ∆ and ∆ p are observed, while in the opposite limit, these effects are quite dramatic and the stability regions of the mixed valence as well as excitonic phase are considerably enhanced by increasing t d . This result independently confirms that the term of correlated hopping plays a very important role in the mechanism of stabilizing the excitonic phase and, thus, it should be taken into account for the correct description of this phenomenon. Finally, it should be noted that we have also found qualitatively the same behaviour of the model for smaller values of t f and larger values of U .
Thus, we can conclude that the effects of correlated hopping term on the stability of the excitonic state in the extended FKM (within the HF approximation with the CDW instability) are very strong and they lead to: (i) suppression of the excitonic phase for t d ,crit. t d < 0, E f < 0, (ii) stabilization of the antiferroelectric phase for t d < t d ,crit. , E f < 0 and (iii) stabilization of excitonic phase for t d > 0, E f < 0. Similarly, the strong effects of correlated hopping are also observed on the mechanism of valence transitions, where already very small values of the correlated hopping parameter are capable of changing the type of valence transitions from continuous to discontinuous.
